We discuss the entropy generation in quantum mechanical tunneling with the help of squeezing formalism. It is shown that if one associates classical entropy to the phase space volume ∆x∆p, there is an inevitable entropy increase due to the changes in position and momentum variances. The entropy change can be quantified by a simple expression ∆S = ln cosh 2r, where r is the squeeze parameter measuring the height and width of the potential barrier. We suggest that the universe could have acquired its initial entropy in a quantum squeeze from "nothing" and briefly discuss the implications of our proposal.
suggested a notion of a geometrical gravitational entropy related to the Weyl tensor in order to explain the "low" matter entropy of the present day universe [2] . In this picture the universe expands from a highly regular initial state characterized by the vanishing Weyl tensor. The irregularities then develop with time due to gravitational clamping and the entropy grows.
To shed more light on the notion of the gravitational entropy related to cosmological expansion two different approaches were adopted. Davies [3] used the analogy of the cosmological horizon to that one of the black holes. In the context of the black hole physics a well-established Bekenstein-Hawking entropy relation exists connecting the area of the event horizon of the black hole to its entropy. The status of the cosmological horizon is different, however, and being an observer dependent quantity its significance as the measure of gravitational entropy is less clear.
In a different approach, a number of authors [4] - [6] have sought the way to relate the entropy of the gravitational field to the capacity of the later to create matter particles.
In this paper we take rather a different view on the origin of the gravitational entropy in the universe. We suggest that the universe could have acquired its initial entropy in the process of quantum tunneling from "nothing" [7] - [10] thus relating the initial entropy of the universe to its quantum origin.
In quantum cosmology one describes the whole spacetime by a wave function rather than by a classical spacetime [11, 12] . The birth of the universe is described as a quantum tunneling process where the small universe nucleates out of "nothing". This process will be referred to, later on, as to quantum squeezing. While introducing squeeze formalism does not lead to a new description of quantum tunneling, it makes the relation of tunneling with entropy generation more transparent.
The entropy generation in quantum tunneling process was first discussed by Casher and Englert [13] who have concluded that even in the non-relativistic quantum mechanics, the tunneling can generate entropy, identified with the Legendre transformation of the Euclidean action in the forbidden region, and yield thermal states with negative temperature. The authors appealed in their paper to the apparent unitarity break-down and information loss in the tunneling of a clock. The unitarity break-down is only apparent, as authors pointed out, and is based on the fact that in tunneling one does not account for the "backward" waves generated on the right side of the barrier by tracing them out. There is an information loss about the system, but it is rather an artifact of applying the semiclassical approximation. One could restore the unitarity in principle by trying to keep the "backward" waves in mind.
Does this mean that the entropy generation in a quantum tunneling problem is not real? Not at all. In physics there are many examples where one concentrates on some particular degrees of freedom observing the growth of entropy. For instance, if one focuses on molecular degrees of freedom, entropy does grow in a chemical reaction (the vessel is heating up). The unitarity still strictly holds but is rather confined to same hidden degrees of freedom.
Our first task in this paper will be to show how the entropy generation in quantum tunneling is rather a manifestation of a more general intrinsic property of Quantum Mechanics: the classical entropy growth due to a quantum squeeze.
In an ordinary Quantum Mechanics (see [14] , for example), when two Hermitian operators do not commute [A, B] = iC, the product of their un-certainties satisfies the following relation
The inequality (1) is the manifestation of the essential nature of Quantum Mechanics, the indeterministic character of the theory. The basic principle of Quantum Mechanics states that it is impossible to simultaneously measure, with arbitrary precision, two complementary variables since the product of their uncertainties is bounded from below.
In fact, the equality in the expression (1) only holds when the operators A and B are proportional, so that the states with minimal uncertainty satisfy the following equation
If, for simplicity, the operator A is identified with the position and B with the linear momentum operators, this equation reads
The solution to the equation (3) gives the following normalized wave function
for which the minimum uncertainty relation holds:
The states of the form (4) minimizing the uncertainty relation are called coherent states in Quantum Optics (see Schumaker [15] and the references there in).
Consider now a typical Gaussian wave function of the form given by (4)
It follows [15] , that the complex parameter γ is of most importance, since the form of the wavefunction (6) can be written alternatively with the help of the usual creation and annihilation operators as
Thus, if one is interested in the dynamical evolution of the wavefunction (6) under some quantum fluctuation one may as well study the behavior of the operators a and a † instead.
To do this one introduces [15] a unitary operator, the so-called single-mode squeeze operator
where 0 ≤ r < ∞ and −
, are parameters depending on the specific form of the disturbance the initial state is subjected to.
A generic evolution of a typical coherent Gaussian state involves displacement and rotation together with squeeze. For the purposes of our discussion, however, since neither rotation nor displacement produce changes in position and momentum uncertainties, we concentrate here on the action of squeeze operator alone.
The squeeze operator acts on the annihilation operator in the following way
and this implies that the uncertainties in a and a † (x andp) are changed under the squeeze, displacing the mean position or linear momentum. If one starts with a coherent state described by the minimal uncertainty relation ∆x∆p = 1/2, (h = 1) the state will evolve under the squeeze to one with [15] (∆x)
(∆p) 2 = 1 2 (cosh 2r + cos 2ϕ sinh 2r).
The parameters r and ϕ of the single-mode squeeze operator are related to the parameter γ of the Gaussian wave function (6) in the following way [15] γ = cosh r + e 2iϕ sinh r cosh r − e 2iϕ sinh r .
Many useful properties of the single-mode squeeze operator may be readily found from the properties of the transformation matrix C r,ϕ associated to it
such that
Actually the transformation matrices C r,ϕ can be figured out from the requirement that the unitary transformation onx,p or a, preserve their commutation relations.
Suppose now one starts with a coherent state and then the state evolves.
We assume that the quantum mechanical wave function at large times can be accurately described by classical physics, though instead of classical trajectory, the system would be rather represented by a classical probability distribution [16, 17] . The initial product of uncertainties is given by ∆x 0 ∆p 0 = 1/2. After the state has evolved, the product of uncertainties can be evaluated using the expressions (10) and (11) . Inspecting these, it is clear that the phase space volume grows leaving one more ignorant about the position and momentum associated with the quantum state. We thus define the classical entropy increase [18] associated with this evolution as
Although the expression (15) was derived for the initially coherent state, one may show that starting with an arbitrary Gaussian state a similar expression for the entropy growth will hold.
The relation (15) is our central result. It shows that generically there is an entropy generation associated with the quantum evolution of a given coherent state. The increase in entropy is related with the increase in the product of uncertainties in position and momentum and is telling one that a certain amount of the information about the state has been irreversibly lost during the evolution. Quantitatively this increase can be simply expressed in terms of the squeeze parameter r as given by the relation (15).
The expression (15) is applicable both for small and large squeeze limits.
For the large squeeze limit (r ≫ 1 and ϕ = π/4 to compare with other results) we get
which is identical to the expression given by Gasperini and Giovannini [19] for the entropy generation associated to the particle production reformulated in squeeze formalism. Also, in the large squeeze limit it is similar to the expression given by Rosu and Reyes [20] . Their expression for the entropy growth associated with squeeze and inferred from the information entropy, also known as the Shannon-Wehrl entropy reads
However, it is easy to see that this expression gives negative entropy growth for small r which is rather undesirable.
Consider now a typical tunneling situation with the barrier described by the potential function V . The Schrödinger equation for the wave function
where ω 2 (x) = E − V (x) and E is the energy of the incident wave. Assume moreover that the semiclassical approximation holds both inside as well as outside of the barrier.
In the tunneling problem one assigns the initial amplitudes to be A 
where r = ln 2 + i
ω(x)dx and x 1 and x 2 are the classical turning points.
The probability of the wave to tunnel is given by
This is a place to point out that the matrix description (19) of a quantum mechanical problem has its advantages since it allows a separation between the initial conditions which can vary from problem to problem and the evolutionary matrix which does not depend on the particular structure of the initial wave function, but rather on the nature of the dynamical system, the forces and the energies involved.
One could have as well obtained equally well the matrix (19) from symmetry and unitary considerations and in fact the evolution matrix (19) is just a special case of a more general and previously mentioned matrix C r,ϕ (Eq. 13). Comparing the two, we observe that the tunneling is a special case of quantum squeezing with the squeeze parameter r and ϕ being identified as r ≡ r along with ϕ = π/4.
Consequently, using Eq. (15), one expects that a typical coherent state will be squeezed on passing through a potential barrier with the entropy gain of ∆S = ln cosh 2r.
For large r ≫ 1, one readily gets ∆S = −2 ln T + ln 2 (22) where T is the transmission amplitude.
Grishchuk and Sidorov [22] were the first to point out the relation between the quantum squeezing and the tunneling problem, though without identifying the tunneling as the special case of a S 1 (r, π/4) squeeze, and leaving aside its thermodynamical interpretation.
It might be interesting, before moving any further, to estimate how much entropy is produced in a typical tunneling event, say α-decay. Moreover, the transition from a quantum spacetime to a classical one, as discussed in quantum cosmology, is often seen as a good analogy to α-decay [23] .
Before α-particle has escaped the nucleus a notion of trajectory would be senseless. After the decay, however, the trajectory of the α-particle becomes almost a classical one. The probability to tunnel for α-particle is measured by the barrier penetration factor and for a typical Z = 70 − 80 nucleus the probability is of order B ∼ 10 −30 [24] . The entropy gained thus would be of order ∆S ∼ 10 2 .
In quantum cosmology the metric is substituted by a purely quantum quantity, the wave function of the universe, which in turn contains all the information and the answers to the question one could ask about the state of conditions. This is one of the main difficulties with the approach of quantum cosmology, for the boundary conditions must be based on some physical experience or intuition which we rather lack. The simplest and probably the most natural boundary condition for the wave function of the universe was proposed by Vilenkin [10] . He suggested to impose the boundary conditions directly on the superspace by requiring that the wave function of the universe should contain only the outgoing waves on the boundaries of the superspace. This is so-called the tunneling boundary condition.
The basic idea of this approach is that the universe is created from nothing, and is based on the fact that the probability of quantum creation of a closed spacetime is nonzero. The simplest model to consider would be the closed model with a cosmological constant Λ.
The Wheeler-DeWitt equation for the wave function Ψ(a) reads [23] 
where ω 2 (a) = −a 2 (1 − Λa 2 ) and a represents the scale factor of the universe.
One can easily see that this equation is the same as the equation (18).
In the classically allowed region a ≥ Λ −1/2 the solution to the equation (23) is
The condition that at a → ∞ one has only expanding universes leads to the following solution [10] Ψ(a) = 1
The squeeze parameter r for this tunneling may be evaluated as
where we have substituted the vacuum energy density for Λ.
Thus the entropy gained by the universe in the course of the quantum squeeze will be
After the tunneling the universe is described by the classical solution to the Einstein Equations with a positive cosmological constant, the de Sitter solution. Note, that the entropy generated in a quantum squeeze from "noth- One could try to put the lower limit on the initial radius of the universe by using the Bekenstein entropy bound for a closed system [25] , however, it is clear that unless we know more about fundamental interactions it is difficult to make much practical use, in the context of quantum cosmology, of the entropy value.
Nevertheless, our main point here was to show that quantum systems which behave almost classically at large times, can be characterized by an entropy increase. The entropy acquired has quite a universal character.
Either it is an α-decay, particle creation or any other different form of a quantum squeeze, it is accompanied by the entropy increase due to the increase in uncertainty or in the volume of the phase space necessary to describe the system in the classical regime. The existence of such a classical regime is a must for our conclusions to be meaningful because the classical entropy notion introduced here does not apply for the systems which can not be described quasi-classically. For those systems, one should probably use different entropy measures [26, 27] . Yet, since many physical systems of interest do behave classically or almost classically, the entropy generation process as described here, could shed more light on the physics of these systems.
